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Abstract 

For the n-dimensional integrable system with a twisted so{p, q) reduction, Darboux 
transformations given by Darboux matrices of degree 2 are constructed exphcitly. These 
Darboux transformations are apphed to the local isometric immersion of space forms 
with flat normal bundle and linearly independent curvature normals to give the explicit 
expression of the position vector. Some examples are given from the trivial solutions 
and standard imbedding — > R^". 



1 Introduction 

The theory of integrable system has been widely used to study some differential 
geometric problems such as minimal submanifolds, submanifolds with constant mean 
curvature, harmonic maps etc. Especially, the isometric immersion of space form 
Mi{Ki) of curvature Ki into space form M2{K2) of curvature K2 was studied in 
various papers. If Ki 7^ K2, the nonlinear wave equation and the nonlinear sine-Gordon 
equation are considered to describe some special problems. Q' When Ki = K2, the 

local isometric immersion with flat normal bundle and linearly independent curvature 



nornials was proposed in |17|. That problem was also dealt with by a purely geometric 
way.ii 

In this paper, we use the Darboux transformation to get the explicit expressions 
of the local isometric immersions of the space forms of the same curvature with flat 
normal bundle and linearly independent curvature normals. 

In this problem, the Lax pair has a twisted so(n) reduction. When the Lie algebra 
is gl{n,C) or sl{n,C), there is a systematic construction of Darboux transformations 
(for the problems discussed later, see ^ |^]), which is now a useful method to get 
explicit solutions of nonlinear integrable partial differential equations. If the Lie algebra 
is su{p, q), there is also a general algorithm to choose the spectral parameters BElHlll 
for the Darboux transformation of degree 1. In this algorithm, the spectral parameters 
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can take only two mutually conjugate values. As a subalgebra of su{p, q) {p + q even), 
so{p, q) {p + q even) problem can be dealt with in a similar way, provided that the real 
condition can be realized. However, for so(p, q) {p + q odd) problem, this method is not 
applicable directlyBS since the spectral parameters should be conjugate and cannot be 
real (or purely imaginary if written in another way) so that the Darboux transformation 
is not trivial. It is known thatthe pure so{p, q) problem can be dealt with by a Darboux 
transformation of degree 2.l3'EJl Here, for the twisted so{p,q) problem {so{p,q) problem 
with an additional involution condition), we construct such a Darboux transformation 
using a limit process so that the Darboux matrix has only two (not four) eigenvalues. 
For the twisted so{p, q) system, the method in can give the same Darboux matrix 
under some assumptions, but the method here is more direct and has no assumptions. 

§|2| describes the linear system and the properties of its solutions. In §^, we get 
explicit expressions of the Darboux transformations of degree 2 for twisted so{p, q) 
reduction. Owing to the isomorphism between su{l, 1) and so(2, 1), we can see that the 
Darboux transformation for MKdV and sine-Gordon equations given by the Darboux 
matrix here is actually the well-known standard Darboux transformation. 

Using the above conclusions, §^ gives the Darboux transformation for the local 
isometric immersion from Mn{K) to M2n{K) with flat normal bundle and linearly 
independent curvature normals, the Lax set of which was proposed by [17|. We present 
the general expression of the transformation for the position vector of Mn{K) — > 
M2n{K). §^ also gives some interesting examples, including the submanifolds derived 
from trivial solutions for all K = 0, 1, —1 cases and the submanifold derived from the 
standard torus T" in R^". 



2 Linear system 

Let 

S = sOe.{p, q,r) = {X£ gl{p + q + r,R)\ X^C + CX = 0} (1) 
where C = Ip^q^r = diag(l, • • • , 1, -1, • • • , -1 , 0, • • • , 0). Clearly, soey^ip, q, 0) = so{p, q). 

p q r 

Here we consider sOexip,Q,f ) instead of so{p,q) for the unified treatment in §^ 

Let a he a diagonal matrix such that cr^ = 1 (c 7^ 1). Then the transformation 

: Q ^ 5, X aXa is an involution on g. Hence there is a decomposition = 0o © 0i 

where qq and are the +1 and —1 eigenspaces of 6 respectively. Moreover, we suppose 

that there is a maximum commutative subalgebra f) of g in g^^. 
Let 

n 

£(g) = { J2 ^3^' I X,- G 0,i = 0, 1, • • • , n } (2) 

i=o 

be a subalgebra of the loop algebra of g, 

Z%Q) = {veZ{Q)\av{\)a = v{-\)} (3) 
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be a subalgebra of £(0). 

First we consider the linear system 

= A)^ (4) 

where U S ^'^{q)- Denote 

n r n ■ 

t/(x,A) = ^^C/,(x)A^ C/,(x)G0y], [j] = |'; Yodd, 

then [/ G £'^(0) if and only if aU{x, X)a = U{x, -A), {U{x, X))*C + CU{x, A) = 0. In 
this paper, we always suppose <P{x, A), a solution of is smooth with respect to both 
X and A. To discuss the Darboux transformation for (Q), we need the following lemmas. 

Lemma 1 If ^ is a solution of (Qj with A = Aq, then a0 is a solution of (0j with 
A = -Ao. 



Lemma 2 If ^ is a solution of ^ with X = Xq, W is a solution of ^ with A = Aq, 
then {^*C<P)^ = 0. 

Proof. The conclusion follows from 

'P^ = U{x,Xo)<P, 

= -^*CU{x,Xo). ^ ' 



Lemma 3 Suppose ^ H, <P is a solution of (Qj such that 'I^\x=^ is real, then 
(P^C^aIa=^ is independent of x. 

Proof. 

{^xh = U{x,X)<Px + Ux{x,X)<P, 

<P*C = -<P*CU{x,X), ^ ^ 

hold at A = ^, hence 

{1>*C<PxUx=t. = ^*CUx{x, X)1>\^^^ = (8) 
since is antisymmetric for any X £ q. 



3 Darboux transformations 

We say a real symmetric matrix M is semidefinite if for any nonzero vector ^, 
^^M^ > or ^'^MS^ < 0. The Darboux transformation for (^) can be constructed in 
the following two ways. The first one is applicable when C is not semidefinite and the 
second one is applicable when Ca is not semidefinite. Since a is not ±1, these two cases 
cover all the possible situations. 
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3.1 Construction of Darboux transformation when C is not semidefinite 



Let ^ G R. Let -ff be a real vector solution of ^ with A = /x and satisfies H*CH = 0. 
(This is possible due to Lemma ^) 

-/U — V— 1 ^- Let be a vector solution of (^) with 



Take A^^^ = ^JL + ^/^e, A^^^ 



A = Aj^^'' satisfying hf'' 



H and h 



(^)| 

1 \x=xo 



H{xq) for some fixed xq. According to 



Lemma |T], = <7/ij^^ is a solution of (Q) with A = A2 
Let 



{e) 



r. 



(e) 



jk 



^{e) \(e) 



U,k = 1,2), 



(9) 



then 



G(^)(A) = 1- E -\^h^\r^''^~'hkh^^*C 



j,k=i 



A- A 



(10) 



is a Darboux matrix for (^ without considering the L'^{g) reduction, that is, for any 
solution <^ of (0), ^ = satisfies 



{x,\)<P (11) 

where C/^'^) G '2(5(Z(p + g + r, C))§]. Now we calculate r^'^\ G^^^ and their limits 
e ^ 0. First, 



as 



V 



2/i 



t7 / 



By Lemma Isl and the assumptions H*CH = 0, — 



a::=xo 



lim 



£^0 2 a 



-le 



-1 lim Re ( hf*C^ 



£^0 



de 



1 lim Re ( hf*C^^ 



de 



0. 



X=Xo 



Hence 



r = Mm r(^) 



-H^C(jH\ H^CaH /O -1 



2/i V H^CaH 







2;U 



1 



2n 



HTCaH 



1 
-1 



(12) 



(13) 



(14) 
(15) 
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G(A) = limO<')(A) = 1 - - 'J^] 



C 



A + T7r7T-77F'-f^^ J<- + TTTry^rr ^ 



(16) 



A2-/i2 \^ H^CaH' ' ' H^CaH 
It is easy to prove that 

(G(A))*C7G(A) = C, 
aG(A)fT = G(-A). 

Using these facts, we know that 



(17) 



U = GUG-^ + G^G-^ (18) 

satisfies U e £'^(0). 

Therefore, the fohowing theorem holds. 

Theorem 1 Suppose G is not semidefinite. Let /i G R. Let H be a real vector solution 
of 1^ with A = ^ such that H'^GH = 0. Let 

A^l^^ +:^Tc^[^'^^ ]^ + ^Tc^^^ ^j' (19) 

i/ien U £ ^'^(fl). Moreover, for any solution <P of (Qj, <P = G<P satisfies <Px = U^. 

3.2 Construction of Darboux transformation when Ga is not semidefinite 

When G is semidefinite, Theorem |l] is no longer valid, since the required H does not 
exist in general. Here we discuss the problem when Ga is not semidefinite. We use the 



following transformation to change the problem to a problem dealt with in Part 3.1 
Consider the linear system 

= U{V-iX)'P. (20) 

Let r be a complex diagonal matrix such that = cr and r has only two eigenvalues 
1, \/— 1 . Clearly t*t = 1. Let V{X) = tU{\/—1 A)r*, then when A is real. 



(1) y(A) = t*U{-V^X)t = T*aU{V^X)aT = tU{V^X)t* = V{X), 

(2) iViX)rGa = TiUi^X)rT*Ga = -rGUi-V^X)T 
= -TGaU{V^X)T* = -aGV{X), 

(3) V{-X) = TU{-^/^X)T* = TaU{^/^X)aT* = aV{X)a. 

Hence, V{X) G L'^ig') where 

3' = {X € glip + q + r,Ii)\ X^Ga + GaX = } ^ soe^ip, q' , r) (22) 
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with p' + q' = p + q. 

Let = r<^, then the hnear system ( pO|) is changed to 



= V{X)^. (23) 

When Ca is not semidefinite, we can use Theorem |l] to this problem. 
Let G'{X) = tG{V^X)t*, then ^ = G'{X)^ satisfies 

= V{X)^ 

where V{X) = rC7(^/^A)r*. 

Let // G R. Let H' be a real solution of (^) with A = —/j,. Then Theorem |l] implies 
that G'{X) can be chosen as 

Y^l^ + ^^^C^F j 



since C should be replaced by aG here. However, r is a solution of ( pO|) with 
A = — ^, i.e. it is a solution of @ with A = Let = t~^H', then, for 

A = -\/^A', 

G{X) =t-^G{X')t 

1 , 2V^A/i 2^?{aHH* + HH*a)aG ,\ 



A2 + ^2 \^ i/*Ci/ ' ' ' i7*C7i7 
Therefore, we have 

Theorem 2 Suppose Ga is not semidefinite. Let /i G R. Let H be a complex vector 
solution of (Qj with X = /U suc/i i/iai tH is real and H*GcrH = 0. Let 

^^FciT^'''^^ WcH J' 

U = GUG-^ + G^G-\ 

(24) 

then U G ^'^{s)- Moreover, for any solution (p of 'P = G'P satisfies 'Px = U<P. 

3.3 Example: MKdV equation and sine-Gordon equation 

The MKdV equation 

Ut = Uxxx + Qu'^Ux (25) 

has a well-known Lax pair 

A /I \ ^ / u\ ^ 



2 vo -1/ V-^* 

. ^ 2\ n \ , , ^, , / nA._ . /O 1 



^,= (_ + An^jf _ l^ + (A^u + n.. + 2^^)( _^ 1^ + A^,f J .Z^. 



(26) 
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The real Lie algebra su{l, 1) generated by 



iAo\ 1/0 n 1/0 n 

'' = 2[o -ij' ''=2[l oj' ''=2[-l o) 

is isomorphic to so(2, 1), given by the correspondence 

) -1\ / 1 0\ 

ei ^ I 1 I , 62 ^ I , 63 ^ -1 . (28) 

-10 0/ V 0/ 

10 \ 

Nowtake0 = so(2, 1), C= ( 1 , = C. Then, 

.0 -1/ 

1 0^ 
00 = Span ^ I — 1 



0, 

0\ / -r 

Si = Span <( I 1 , 

,0 1 0/ \-l 



Take the Cartan subalgebra 










l(: 





Dl 




1 





which corresponds to 6i. 

Using the correspondence ([2^), we have the new Lax pair 

2n 0\ 
= \ -2u A U>, 
AO/ 

2X'^u + 2uxx + 4ti^ -2\ux 

= I -2X'^u - 2uxx - A^ + 2An2 | <P. 

-2Xux A^ + 2A'u2 



(29) 



(30) 



(31) 



Let fi £ H. Let H = (a, /?, 7)^ be a real solution of (^Tj) with X = and satisfies 
+ — 7^ = 0, then Theorem || gives 

/ a7\ 2 / a' «/? \ 

(A^-M')G(A) = A2-q^ /37 a/3 /J^ - (32) 

^\a7 /37 0/ ^Vo O7V 

u = u . (33) 

7 
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Let 6 = sm~^(Q/7), then ( |3l[ ) gives 6^ = 2u — fisinO. Therefore, (33) is just the same 
as the standard Darboux transformation for MKdV equation given by a 2 x 2 Darboux 
matrix, which is hnear in the spectral parameter, although the 3x3 Darboux matrix 
here is quadratic in A. 

For the sine-Gordon equation, the x-part of the Lax pair is the same as that of the 
MKdV equation. Hence the Darboux transformation ( |3^ ) is also the standard Darboux 
transformation for sine-Gordon equation. 



4 Local isometric immersion of space forms with fiat 
normal bundle and linearly independent curvature normals 

[ p^ ] gives the Lax sets for the equations describing local isometric immersions with 
flat normal bundles and linearly independent curvature normals. Here we apply the 
above theorems to this problem and give the Darboux transformations of the position 
vectors. 

First we list some useful conclusions in p^ , and rewrite the structure equation to 
a form to which the Darboux transformation can be easily applied. 

Let Mn{K) be an n-dimensional space form of curvature K where K = 0,1, —1. For 
the local isometric immersion Mn{K) — > M2n{K) with flat normal bundle and linearly 
independent curvature normals, there always exist local coordinates x = [xi, - ■ ■ ,Xn) 
on Mn{K) and the parallel orthonormal normal vector fields (cn+i, • • • , e2n) such that 
the first and second fundamental forms are 



^ Qij dxi dxj = pf{x) dxl, 

i,j = l i=l 



n 



(34) 



II = ^ij '^^3 ^"'+" = X! Pi{x)u:ia{x) dxf en+a 

i,j,a=l *,i=l 



where uj{x) = (wjj(x)) G 0{n). 
Denote 



where R" ^'""^ has the metric x\ + ■ ■ ■ + x'^_i — x"^ 



n • 



Let in{K) ■ Mn{K) — > Rn+i{K) be the standard imbedding given by 
M„(0) ={(xi,---,x„+i) gR"+1|x„+i =0}, 

M„(l) ={(xi,---,x„+i) ER"+i|x2 + ... + x2 = 1}, (36) 

Mn{-1) ={ixi,---,Xn+l) G R"'^|x? + --- + x2 -X^+i = -1}. 

Then we can consider the immersion 

V : Mn{K) ^ M2n{K) ''^^ R2n+i{K). (37) 
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Clearly, V e R^'^ ioi K = 0, V ■ V = K ioi K = ±1. Here "•" refers to the inner 
product in R2n+i{K). 

Remark 1 We imbed R^" into R^""'""'^ only for the unification of the three cases. 
The structure equations for such immersions are 

d,Vi = rt,V, + ^?gn„ - Kg,,V, 

where Vi = diV, -T^j's are the Christofel symbols corresponding to the metric {gij), 
di = d/dxi. 
From dH), 

dij = Pi^ij^ ^ij = Pi^ia^ij- (39) 

Then (ISSl) becomes 



Pi Pj 

diVi = - E ^^Vk + + Pmafia " K pfV , (40) 

difia = - —Vi. 

Pi 

The Gauss-Codazzi equations are the integrability conditions for (|40|), which are 

dilij + djlji = XI ^li'yii^ ^ •?')' 
ijti,ijtj 

dklij + liklkj = 0, (i / j, k, j ^ k), 

dilji + djjij- HHji - KpiPj = 0, (ij^j), 

i+i,m 



where 



Let 



(41) 



djUJia + -fijLOja = 0, (i / j), 

diiOia = X Jki^ka, ('^^^ 
k^i 

~ \ 0, if i = J. ^ ^ 



Pi = Y^iana, qi = Pi^Vi, f=V, (44) 
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then (|40|) becomes 



dm = jikQk +Pi- Kpif, djqi = -'Jjigj {i / j), (^^) 

dif= pm- 



For simplicity, we write 



Pi 



.Pr, 



\Qn, 



(46) 



In [0], a spectral parameter was proposed so that (^) has a Lax set (generalized 
Lax pair) 

diUi = ^ jkiUk - \vi, djUi = -jijUj {i ^ j), 

k^i 

diVi = jikVk + Xui - KpiW, djVi = - jjiVj {i / j), (47) 

k^i 

diw = piVi. 

Note that (^) is a special case of (^) for A = 1. 

Let ^(A) = (ui, • • • , M„, vi, • • • , Vn, wY' , the above system of equations can be written 
in matrix form as 

d,^={\J, + [Ji,P])^, (48) 

where 

/ -Eii 0\ / Y.^^^1^3E^j -Kj:,pm' 

J^=\Eu , P = - E^^J IjiEij 



0/ V Y.^P^eJ 

/Y.j^il,^{E^,-E,i) 

[^.,-P]= J2j^i7ij{Eij - Eji) -Kpid 

\ piej 



(49) 



Here Eij is a constant matrix whose (i,j)th entry is one and the rest entries are zero, 
Ci is a column matrix whose ith entry is one and the rest entries are zero. 
If we write a (2n + 1) x (2n + 1) matrix M as a block matrix 



(50) 



then 



n 


n 


1 








^[1,3] ^ 






M[2,2] 


M[2,3] 




^[3,1] 


M[3,2] 


M[3,3] J 
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{pi) = ^[3,1], in,) = P[i,2], K) = <^[i,i](0)^^, [Vj = (51) 

where is an n x n constant matrix, L is a (2n + 1) x 1 constant matrix. 

For the unification of three cases K = 0, ±1, we apply Theorem ^ to (|4^). Notice 
that ( ^5| ) for {pi,qi,r) is a special case of ( |47| ) for {ui,Vi,w) when A = 1. Moreover, 
Wja's satisfy the same equations (in ([42|)) as Uj's do in (]47|) with A = 0. 

For i^' = 0, 1, — 1, AJj + [Jj, P] G ^"{q) which corresponds to 



C= diag(V_^, V_^,i^), 

n n 

a = diag(l, • • • , 1, -1, • • • , -1, -1). 



(52) 



Hence 

Ca = diag( V_^, -l,---,-l , -K) (53) 

n n 

is always not semidefinite. Therefore, we can use Theorem |2|. 

Let be a real number. Let H = (^i, • • • , £,n-, V— 1 flir " , V—^Vm \/— 1 C) be a 
solution of ( |47| ) with A = V— 1 ^ such that 4^ = Z^i + -f^C^- Then riif is real and 
H*C(tH = 0. Written explicitly, the components of H satisfy 

di^i = ^ki^k + Wi, djii = -"lijij {i / j), 

diVi = ^ikTIk + fJ-Ci - KpiC djTJi = -^jiTTIj {i ^ j), (54) 

diC = PiVi- 



The Darboux matrix in Theorem |2| is 



G(A)=3^ A2 + ,.^ + ^|,e- 



I r/r/^ KrjC 
Cr,"^ Ke 



A 









(55) 



where ^ = (^i,- • • ,^„)^, r? = (r/i,- • • ,r/„)^, Z\ = ^^f. 

1=1 

The corresponding geometric quantities are given by 



P = P-'^^^[a,HH*]aC, ^ = G{0\,^^]lo, (56) 
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{pi,---,Pn,qi,---,qn,r)'^ = G{l){pi, - ■ ■ ,pn,qi, - ■ ■ ,qn,rf ■ (57) 
Written explicitly, they are 



Pi , lij=lij^ TT— > Wia = - 2^ — — u; 



where h 



Pi = - 2^ -^V3 - -^q, - 

j j 

= 9* + 2^ - 2^ 

r = r + }^ -^Pj - ^ -^qj 

j j 

2ix 



(58) 



1 + ^2- 

Using (0) and (|^), we have 




(59) 



Therefore, we have the following general procedure to get the local isometric 
immersion Mn{K) — > M2n{K) with flat normal bundle and linearly independent 
curvature normals. Since we consider the linear system (|47|), the condition pj 7^ 
can be removed temporarily, provided that Pi 7^ for derived submanifold. 

1) Suppose we know a solution of (^) and can solve the linear system ( ^7| ) to get 
the fundamental solution ^(xi, • • • , x„. A). 

2) Let A = V— 1 P and get a solution (^, r/, C,) of (|5^ ) such that 

(C,^/^r?,^C)^ = ^(a:i,---,a;n,V^^)C (60) 
where C is a constant matrix. 



3) Using (pSD, one gets the position vector r and the corresponding quantities. When 
Pi 7^ 0, (pg|) gives a more direct answer. Moreover, the corresponding solution of (47) 
is ^(xi, • • • ,a;„, A) = G{xi, ■ ■ • , x„, A)<?(xi, • • • ,x„, A). 

These three steps give the new solution of (pl|) , (p5|). When pi 7^ 0, the solution 
represents a real geometric immersion. 

For r, the corresponding solution of ( p7|) is known. Hence, we can repeat step 2) 

and 3) to get another solution r. Continuing this process, a series of immersions are 
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obtained by an algebraic algorithm and one should solve a system of linear ODEs only 
once in step 1). 

Now we give some examples. The simplest examples are the totally geodesic 
submanifolds. However, since their second fundamental forms are zero, the Darboux 
transformation here is not applicable (also, their curvature normals are linearly 
dependent). Therefore, we seek other solutions as seed solutions of Darboux 
transformation . 

(1) Solutions derived from the trivial solutions 

We take the seed solution of (|4l|) as pj = 0, jij = 0, LOia = Sia- Although this does 
not correspond to a real geometric object, and ( |59| ) is not valid, we can still get (p, q, r) 
from ( |58D and then get the nontrivial local immersion r. 

To get a solution, we first solve (^) to get (p, r) and solve (|5^ ) to get {^i,r]i,C)- 
Then normalize the first fundamental form by changing coordinates {xi}. After that, 
the last equation of (^8|) gives the position vector of the immersion. 

First, we solve ( |45| ) to get 

Pi = Ei cos Xi + Fi sin Xj, 

qi = Ei sin Xi - Fi cos Xj, (61) 
f= R, 

where Ei, Fi, R {i = 1, ■ ■ ■ ,n) are constant vectors in R2n+i(-R') such that 
Ei ■ Ej = 6ij, Ei ■ Fj = 0, Fi ■ Fj = Sij, Ei ■ R = Fi ■ R = 0, 



R- R = K {li K = ±l). 



(62) 



A) K = 0. 

The solution of (|53) is 



e^ = A,e'^"% r/, = ^ie^"% C = C (63) 



where Ai, C are nonzero real constants. 
Prom ([5^), 



Let 

_ 2CAie^^-^ 

then 

I = Y^pidx'i = Y,dzl (66) 
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Choose R = 0, then 

,2 



^ Y^^^i {^i COS Xi + Fi sin Xi^ - ^ ^ ^ (^^j sin Xj - Fj cos 



Y] j!^^^ ^ [Ei cos Xi + Fi sin x, 



(67) 



where 



I f2C Zi \ , 
Xi = Xi+ ig ii = -\n \ —— — 2 + tg ^J.■ (68) 



This local immersion is only defined for (zi, • • • , 2;„) with AiCzi > 0. 
For n = 2 and j4j = 1, C > 0, let zi = r cos (p, Z2 = r sin 0, 

Ei + fiFi Fi-^^i 

then {ki,k2,k'^,k4} is also an orthonormal frame of R^, and 

f . n 1 /2C ^ ■ n 1 /2C7 , . 

r cos (p cos — In ( — cos (p) \ki + r cos (p sm — m ( — cos (p) k2 



Vl + fJ^ V \n r J \n 

+r sin (p cos ( — In ( — sin (p)\k^ + r sin (p sin ( — In ( sin (p)]}^^] (^9) 

V/U r / \fi r J J 

(r>0,0<(A< |) 
Written in terms of the coordinates (xi, 2:2), 

f = — E^£=^r 3^ — (e^^i cosxi ki + e'^^i sinxi A;2 

yY^^e2Mxi +g2MX2^ (70) 

+ e'^^^ C0SX2 k-i + e'^^^ sinx2 ^4). 

Remark 2 When fiC is finite and fi ^ 0, except for (0,0,0,0), each point on the 
submanifold ([7^ tends to the standard torus in R^: 



f = fiC (cos xi ki + sin xi k2 + cos X2 k^ + sin X2 k^). (71) 
The coefficient is fiC because the metric on the surface is 

i=„'c'j:dxi 
1=1 

When C is finite and /u — > cxd, the pointwise limit of the submanifold given by ( [g^ is 

r = r cos fci + r sin /ca , (72) 

which is a plain in R^. 
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Remarks In the coordinate {zi}, (45) or i^^) is no longer satisfied, because those 
equations depend on the special coordinate {xj}. 

The following figures show the manifold with fi = —0.2, C = 1. In Fig. 1, the three 
axes are (ri, r2, rs) if r is written as r = J2'j=i Fig. 2 is the corresponding contour 



plot of Fig. 1 on (ri,r2) plane. In Fig. 3, the axes are (ri,r2,=byr3 +r|). The dark 
spiral in Fig. 2 represents the boundary of the manifold. 



Fig. 1 



Fig. 2 
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Fig. 3 

B) K = 1. 

The solution of (|5^ is 

= ^,e^"' + Sie-'^'S = Aie^"' - Bie-^'''^ C = C (73) 



where Ai, Bi, C are nonzero real constants with = 4X]i ^i-Bj 
The corresponding 



Let 



then 



Ae^^'' - Re"''''' 



C 



Y.k4 + ^ 

2u^ 1 \ - 2/x J(l + fi^)zf + Ci ^ ^ ^ 

— ^— — 2— T ^ + 7r"^ — Tw^ — (Ei COS Xi + Fismxi 



(74) 
(75) 



1 - — 2~rT — 2 . 1 (-5'^COSXi + Fjsmx 

^^2^', ^ (-Ei sin - Fi cos x,) (77) 
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with d = 4.AiB,/C^ (therefore E» Ci = l), 



It is clear that this immersion is smooth for \z\ < oo. It can be verified that at 
|z| = oo (by changing coordinates) it is not smooth. 
C) K = -1. 
The solution of (|^ is 



^. = ^^eM-. _5.e-/^-., ^. = ^.eM-^ + S.e-'^'N C = C (79) 
where Ai, Bi, C are nonzero real constants with = AiBi. Then 



Let 



Efc(^fee/^^^ +5fce-A'^fe)2' 



(80) 
(81) 



then 



7=Epfrf-f = 7Y^^^, (82) 



I, 2/z2 E.^Ms 2;.^(l + /.2),2_^^(^^ 2)2 

r = IH ^ ^ „ H ^ — — ^- (E^icosxi + Fismxj) 

V l + M^l-Efc^l; (1 + /^2)(1-Efc^fc') ^ ^ 

(83) 

with d = AAiB^/C^ (also Ci = l), 



lie ^r + \h^-Cr{Y.k^''' 



= - In I -- ^ ^ V I + ; (84) 



Now Mn(— 1) is the disk Yl,k^k < but the immersion ( |8^ ) can only be defined 
in a region of M„(— 1). For example, when all j4j > 0, Bi > 0, it is defined in 
CiiJ2k ^kY < ^fi which contains the center (0, 0, • • • , 0) of the disk. 

(2) Solutions derived from the torus R^" 

Let 

n 

^ {cos XiEi + sin XiF^ , (85) 



r = 

1=1 



where Ei, Fi are constant vectors satisfying 

Ei • Ej = 6ij, Ei • Fj =0, Fi ■ Fj = 5ij. (86) 
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This is the standard torus T" in R^"", whose gij = 6ij, u)ia = (Jja, and the corresponding 

(87) 

it^i + COSXji^j. 

Solving (|54D with = Hi vh ^^'^^ 



Pi = — cos XiEi — sinxjFj, 
Qi = — sin XiEi + cos XjFj. 



" A, 

C^ = Ae^''\ r^i = Aie^^\ ( = J2 —e^""' + C, 



where A,, C are real constants. Then ( |58[) gives 



n 

r' = 

i=l 

n 



^(cos XiEi + sin XiFi 



h Au 

- — ( ^ — e^''"' +C)^A, e^''' ( (cos Xi - /X sin Xi)Ei + (sin + cos ) ) > 
^ fc=i i=i 

(89) 

~p^ = l-'Jll^{^Y.Ake^^'+^^c) (90) 

A;=l 

where 

^ = E^ie^^^S b=-^,. (91) 

This submanifold is defined in the region where pi ^ G for all 1 < i < n. 
By the local change of coordinates 

= X, - ( A^e^-^ + iiC] , (92) 

the metric is changed to 

n 
i=l 

Fig. 4 shows this submanifold (surface) for n = 2, = 1, C = 1, ^ = —0.2. Write 
r = riE'i+r2Fi+r3£^2+''4-^2) then the coordinates are taken as ((2+ri)r3, (2+ri)r4, r2). 
Fig. 5 is the corresponding figure for the standard torus. 
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Fig. 4 



Fig. 5 
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